Confinement of matter fields in compact (2+l)-dimensional QED theory of high-T c 
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The confinement of matter fields is studied in the compact QED3 theory of high-T c superconduc- 
tors. It is found that the monopole configurations do not affect the propagator of gauge potential 
a M . This then leads to the findings that chiral symmetry breaking and confinement take place si- 
multaneously in the antiferromagnetic state and that neither monopole effect nor Anderson-Higgs 
mechanism can cause confinement in the d-wave superconducting state. The physical implications 
of these field theoretic results are also discussed. 
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The idea that high-T c superconductor is some kind of 
quantum spin liquid 1 - motivated much research effort in 
the past seventeen years. Based on slave-boson treat- 
ment of t-J model, it was found that the low-energy 
physics of the antiferromagnetic Mott insulator is cap- 
tured by a theory of gapless Dirac fermions interacting 
with a U(l) gauge field 2 * 3 -. Doping drives the Mott insu- 
lator to a d-wave superconductor, which can be described 
by a more general U(l) gauge theory including both Dirac 
fermions and scalar bosons^. The U(l) gauge field is not 
the usual electromagnetic field 2 * 3 *^. It originates from 
the strong correlation effect and is obtained in general 
by spontaneously breaking a larger SU(2) gauge symme- 
try. It has been proved^ that cuprate superconductors 
at zero doping contain a local SU(2) gauge symmetry 
once slave-particle approach and the constraint of one 
particle per site are adopted. Later, Wen and Lee£ con- 
structed a SU(2) gauge structure away from half-filling. 
In the staggered flux phase, two components of the SU(2) 
gauge field become massive via Higgs mechanism and 
hence are neglected 7 , leaving a massless U(l) gauge field. 
As claimed by PolyakovS, this U(l) gauge field must be 
compact because the SU(2) group is defined on a com- 
pact sphere. The compact gauge structure also appears 
in theories of the Neel state and various spin liquid phases 
of the planar quantum Heisenberg antiferromagnets™*. 
In particular, recently it has been used to build a critical 
theory of zero-temperature quantum phase transitions 10 
that can not be described by the conventional Wilson- 
Ginzburg-Landau paradigm. 

Polyako\*& found that the (2+l)-dimensional compact 
quantum electrodynamics (QED3) has monopole config- 
urations around which gauge potential a M jumps 2n.7r. 
The most remarkable effect of monopoles is that it leads 
to permanent confinement of static charges 1 ^. In order to 
understand realistic condensed matter systems, it is nec- 
essary to couple a M to fermions and scalar bosons. How- 
ever, though the confinement in pure compact QED 3 is 
now widely accepted, the confinement of dynamical mat- 
ter fields is far from clear. The confinement of massless 
fermions is of particular interests since they exist in the 
whole phase diagram of cuprate superconductors due to 
the d-wave gap symmetry. In our opinion, all previous 



efforts 2-1213 ' 14 towards the confinement problem of mass- 
less fermions are not satisfactory since they did not give a 
careful analysis of the relationship between chiral symme- 
try breaking (CSB), monopoles and confinement. Such 
an analysis is necessary not only in studying correlated 
electron systems but in understanding QCD, the theory 
of strong interactions. 

In this paper we study the confinement of matter fields 
in the compact QED3 theory of the high-T c cuprate su- 
perconductors. We concentrate on the half-filled antifer- 
romagnetic Mott insulator state and the d-wave super- 
conducting state, two most interesting ground states in 
cuprate superconductors. Actually, the various strange 
behavior that can not be understood within conventional 
many-body theory are generally believed to arise from 
the competition between these two orders. We make 
a consistent treatment of confinement with CSB and 
monopole configurations considered on the same foot- 
ing. The results are: 1) though the correlation func- 
tion of magnetic field b^ is affected by monopoles, the 
correlation function of gauge potential a M is not, indicat- 
ing that compact QED3 has the same perturbative (non- 
topological) structure with non-compact QED 3 ; 2) CSB 
and confinement that is caused by monopoles take place 
simultaneously in the half-filling antiferromagnetic state; 
3) both CSB and single monopoles are suppressed in the 
d-wave superconducting state. We also argue that the 
Anderson-Higgs (AH) mechanism can not confine matter 
fields. The physical implications of these field theoretic 
results are also discussed in the context. 

We first consider the low-energy effective theory of 
Heisenberg antiferromagnetism 2 * 3 ^. The Lagrangian is 
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C F = Y.^° (^ - ia ^ 7/Wfe + \F%,- (1) 
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The fermion vb a is a 4 x 1 spinor and the 4 x 4 7^ matrices 
obey the algebra {7^,7,,} = 28^. The Maxwell term 
Ffiv = d^cLy — <9„a M is kept here. It is convenient to write 
the action for the compact gauge field a M as 
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where the n^ v are integers. The term 1/2 comes from 
the Maxwell term of a^ and ir(q) is the vacuum polar- 
ization of fermions. If the fermions are massless, the 
vacuum polarization is n(q) = N/8 \q\ to the one-loop 
approximation 4 -. At large distances this term dominates 
and the term proportional to 1/2 can be neglected. Then 
the action for a gas of monopoles of charge q a = ±1 is 



S m ono = —T~ J^ 9aqbV{x. a - X b)' 
a, b 



The potential V(x) between monopoles is 



V(x) 
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Since the monopoles interact with a logarithmic poten- 
tial, a Kosterlitz-Thouless (KT) transition would take 
place at some critical flavor N c f below which single 
monopoles are proliferated. However, there is a contro- 
versy on N c f. Some authors found that N c f = 24 2,13 
while others found that N c f = 0.9^2. We should em- 
phasize that, even if single monopoles are important, we 
can not immediately draw the conclusion that massless 
fermions are confined. The reason is that Wilson's area 
lawii was proposed to describe confinement of pure gauge 
field and static charge sources. It loses its meaning when 
the gauge field couples to dynamical massless fermions. 
When the sources separate, it becomes more favorable 
to create a pair of fermions which then screens the gauge 
forced. However, if the massless fermions acquire a finite 
mass via the CSB mechanism they then can be consid- 
ered as static sources. Indeed, when the fermions become 
massive, creating a fermion-antifermion pair out of the 
vacuum would cost a large amount of energy. 

CSB can be studied by the standard Dyson-Schwinger 
(DS) equation approach. The propagator of massless 
fermions is S 1-1 ^) — ij ■ p. Interaction with gauge field 
renormalizes it to S^ 1 (p) = ij ■ pA (p 2 ) + £ [p 2 ) with 
A(p 2 ) the wave function renormalization and S(p 2 ) the 
fermion self-energy. The self-energy £(p 2 ) satisfies a set 
of self consistent DS equations, which to the lowest order 
in \/N expansion has the simple form 



5V 



d 3 k ^D^(p-k)^(k 2 )^ 



(2tt) 3 



S 2 (fc 2 



(5) 



where a bare vertex is adopted^. If this equation has 
only vanishing solutions, the gauge field is an irrelevant 
perturbation and fermions remain massless. If S(p 2 ) de- 
velops a nontrivial solution, the massless fermions ac- 
quire a finite mass which breaks the chiral symmetry of 
Lagrangian (1). For non-compact gauge field, the prop- 
agator in the Landau gauge is 



D^(q) 



1 



q 2 



(6) 



It was foundi^ that CSB can only take place for N < 
N c = 32/tt 2 . The CSB in noncompact QED 3 has 



been used to understand many properties of cuprate 
superconductor s 4 ! 17 . 

To investigate the DS equation in compact QED3, we 
should first know the effect of monopoles on the prop- 
agator of a M . According to the arguments of Polyakov, 
the magnetic field correlation function 8 is 



(b^bv) = {bpb v ) + {b^by), 



(7) 



where {b^b v )a is the propagator without monopoles and 
(bu,b v ) m is the contribution of monopoles. The den- 
sity operator of monopoles is p(x) = ^ a q a 5{x — x a ) 
which is related to the magnetic field as b^x) = 

g J d 3 y 1 ~ |jf p(y) or bfj,(q) = \p{q) in the momentum 
space. The singular contribution to the magnetic filed 
correlation function is 

<Wm = q -f( P ( q )p(- q )) = qj ff^- (8) 



Then we have 



{by,b v ) = <5 M „ - 



q^iv q^qv M 2 
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q 2 + M 2 
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The appearance of a pole at — M 2 was interpreted by 
Polyakov 8 as the evidence of a finite mass gap for com- 
pact gauge field. 

In quantum gauge field theories, it is the gauge poten- 
tial a M that couples directly to dynamical matter fields. 
Therefore, to study CSB we should calculate the prop- 
agator of a^. The magnetic field b^ is related to a M as 
bfi = e^\q^a\. Then the correlation function of a^ is 

D^ v {q) = (a^a v ) = e^ijtvki-^ibjbi). (10) 

Using the fact that 

®SL/hh\ - qiqkq 3 qi M 2 _ 

e^ijtvkl 4 \0j0i) m — e^ijCukl 6 2 1 y[i ~ u ' 

(11) 
Then we get the propagator 



Dfj, v (q) = e^ije v ki-^-{bjbi) = — ( 5^ 
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It is clear that the monopole configurations do not affect 
the propagator of a^ . Although magnetic field 6 M is the 
quantity that can be detected directly by experiments, a M 
is the physical quantity that couples directly to matter 
fields. Therefore, the monopole configurations do not 
affect the interaction of a^ with matter fields, at least 
within the perturbation theory. This might not be too 
surprising if we note the fact that a M always interacts 
locally with matter fields but the monopoles reflect the 
nontrivial topology of the gauge field configuration which 
is certainly a global property. 

The results about CSB obtained in non-compact 
QED3 1 - also applies to compact QED3. If the flavor 



of massless fermions N < N c , CSB takes place, while 
if N > N c the fermions remain massless and the chiral 
symmetry is respected. Although there is a little debate 
on the value of N c , most analytic and numerical calcula- 
tions indicated that it is about 3.3 ~ 4. For N < N c , the 
massless fermions becomes massive and hence its contri- 
bution to the vacuum polarization is 



?r(g) 
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4m 2 



l/2\ 



(13) 

Here we adopt a constant fermion mass m for simplicity. 
We only care about the behavior at very low momentum 
limit since confinement is essentially a phenomenon of 
large distances. It is easy to see that n(q) — ► N/8Trm in 
the q — > limit. Obviously, the only effect of massive 
fermions on the action of monopoles is a renormaliza- 
tion of the gauge coupling constant. Consequently, the 
monopoles are in the Coulomb gas phase, just like in 
the pure compact gauge theory. Since fermions are mas- 
sive there are undoubtedly no fermion zero modes which, 
if exist, would suppress the monopole configurations 12 . 
The massive fermions can be approximately considered 
as static charges. Then Wilson's confinement criteria can 
be used safely. Confinement was found^ unambiguously 

after calculating the Wilson loop F[C] =< e l § a » dx » >. 
Therefore, CSB and confinement take place simultane- 
ously for N < AT(p£. For N > N c , a careful analysis 
of KT transition and deeper insights on the criteria of 
confinement for massless fermions are needed 20 . 

For cuprate superconductors, the physical flavor is 
N = 2 < N c , corresponding to the two components of 
spin 1/2. Then CSB and confinement both occur at half- 
filling and prevent the appearance of mobile fermions 
at low temperatures. This is consistent with the fact 
that the low temperature thermal conductivity vanishes 
at very low doping concentrations^. CSB generates a fi- 
nite gap for the gapless nodal fermions. This accounts for 
the finite nodal gap observed by angle-resolved photoc- 
mission spectroscopy (ARPES) measurements in lightly 
doped cuprates^. Moreover, when CSB happens, a long- 
range antiferromagnetic order is formed, corresponding 
to the well-known Neel order of undoped cuprates^ii 

We next would like to consider confinement of mat- 
ter fields in the d-wave superconducting state at finite 
doping concentration. To describe the d-wave supercon- 
ductor, we should couple both massless Dirac fermions 
and holons to the U(l) gauge field a^. The scalar 
field <j) develops a nonzero vacuum expectation ((</>) ^ 0) 
and the gauge boson a M acquires a finite mass £ via AH 
mechanism. The gauge boson mass £ suppresses CSB 
completely^, hence the low-energy excitations are gap- 
less nodal fermions. (Note that there should not be a 
Yukawa coupling term tfiipip between massless fermions 
and scalar field <fi. If such a term were present, then the 
nonzero (4>) would generate a finite mass for the massless 
fermions, in disagreement with experiments). 

Using a simple but compelling argument, we can show 



that single monopoles can not exist in a superconduc- 
tor. When a single monopole is placed in the interior 
of a superconductor its line of magnetic flux must have 
somewhere to go. However, according to the Meissner 
effect, a superconductor always repels the magnetic field. 
Thus the magnetic flux emitting from a monopole must 
end at an anti-monopole. In other words, the monopoles 
must appear in the form of bound pairs and all the mag- 
netic flux is trapped into a thin tube. To see this more 
explicitly, we can calculate the potential between two 
monopoles in a superconductor. The propagator of mas- 
sive gauge boson is 



D^{q) 



1 



q 2 [l + 7r{q 2 )+eq- 2 } 
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q^qv 

Q 2 
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The gauge boson mass term £, 2 q~ 2 dominates the low 
momentum behavior, no matter whether the fermions are 
massless or not. Using the same calculations that lead to 
(4), we found a linear potential 



U(x) = 
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between monopoles. Therefore, single monopoles can 
not exist and there is a string between a monopole and 
an anti-monopole. The superconductor can be under- 
stood by the picture that condensation of charged par- 
ticles gives rise to confinement of magnetic monopoles. 
If we interchange the roles of electricity and magnetism, 
then we get a dual picture that condensation of magnetic 
monopoles causes confinement of charged particles, which 
describes the half-filled antiferromagnetic state. Thus an 
"electromagnetic" duality exist between the Heisenberg 
antifcrromagnet and the superconductor, which might 
help us to understand the physics of cuprate supercon- 
ductors. This kind of duality also underlies the most 
exciting attempts^ made recently towards a final under- 
standing of quark confinement in QCD. 

The spin-charge separation and recombination have 



been studied extensively 



4,7,25.2(5 



. It is generally expected 



that spinons and holons are bound together to form 
real electrons in the d-wave superconductor. Two pos- 
sible ways have been proposed^ to realize the confine- 
ment: AH mechanism and monopole effect. Since single 
monopoles do not exist in a superconductor, it seems 
natural that it is the AH mechanism that causes con- 
finement. However, we believe that this is not the case. 
Remember that Higgs mechanism (the non-Abelian gen- 
eralization of Abelian AH mechanism) appears in the 
standard model of electro-weak interactions 7 .. Although 
the intermediate gauge bosons acquire finite mass gap, 
the fermions and the gauge bosons are certainly not con- 
fined. Confinement via AH mechanism requires that the 
gauge coupling must be very strong at the q — > limit. 
For QED3, we can define a dimensionless running gauge 
coupling a(q) asi& 



a(q) 



2 
e q 



aq 



q 2 + £ 2 + (e 2 N/S)q N q 2 + £ 2 + aq' 



(16) 



The running coupling constant a(q) vanishes at both 
q — > oo and q — > limits. Since the gauge coupling 
is weakened by the gauge boson mass generated via AH 
mechanism, the matter fields should not be confined. We 
can make a comparison between the coupling strengths 
that are needed to cause CSB and confinement. Sup- 
pose that CSB takes place, then the potential between 
a fermion and an anti-fermion has a logarithmic form^, 

^( x ) ~ i-Hrfol ~ m l x l; w hh 7r(0) the vacuum polariza- 
tion of massive fermions at zero momentum. But in gen- 
eral confinement requires a linear potential V(x) ~ |x| 
between two particles. The attractive force that is needed 
to cause confinement should be much stronger than that 
needed to cause CSB. In general, when the gauge boson 
acquires a finite mass via AH mechanism, its coupling is 
not strong enough to cause CSB2£. Thus it certainly can 
not cause confinement. 

We now see that both monopole effect and AH mech- 
anism can not be the confining mechanism that leads to 
spin-charge recombination. This leaves us with two pos- 
sibilities: confinement is caused by a new unknown mech- 
anism or it does not occur in the superconducting state. 
The later possibility is not impossible. At present, al- 
most all ARPES experiments supporting the existence of 
well-defined quasiparticle peaks in superconducting state 
have been performed in the (±7r, 0) directions^. Recent 



ARPES experiments in the (±7r/2, ±7r/2) directions re- 
vealed a much shorter quasiparticle lifetime than that 
was predicted by BCS-like theory22i2iI. Other evidence 
for the existence of well-defined quasiparticlcs comes from 
the finite thermal conductivity at low temperatures ob- 
served by heat transport measurements^. However, the 
heat transport behavior could also be described by the 
spinons and spin-charge recombination is not required. 
To tell which possibility actually works needs further in- 
vestigations. 

It was showed^ that the Higgs and confining phases 
are smoothly connected when the Higgs fields transform 
like the fundamental representation of the gauge group. 
While this result applies to other lattice gauge theories, 
it does not apply to the compact QED3. In the Higgs 
phase, a true gauge boson mass gap is generated by vac- 
uum degeneracy, while in the confining phase there is no 
vacuum degeneracy and the monopoles only affect the 
correlation function of b^, leaving that of a^ unchanged. 

The results in this paper can understand some physics 
of high-T c superconductors from a field theoretic point 
of view and are also helpful in studying confinement of 
more complicated gauge theories such as QCD. 
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